Quantum percolation describes the problem of a quantum particle moving through a randomly frozen medium. While certain similarities to classical percolation exist, the dynamics of quantum percolation has additional complexity due to the possibility of Anderson localization. Here, we consider a directed discrete-time quantum walk as a model to study quantum percolation of a twostate particle on a two-dimensional lattice. Using numerical analysis we determine the transition point (the quantum equivalent of the classical percolation threshold) for three fundamental lattice geometries (finite square lattice, honeycomb lattice, and nanotube structure) and show that it tends towards unity for increasing lattice sizes. Using a continuum approximation we analytically derive the expression for the percolation probability for the case of a square lattice and show that it agrees with the numerically obtained results for the discrete cases. Beyond the fundamental interest into understanding the dynamics of a two-state particle on the lattice (network) with disconnected vertices, our study has the potential to sheds light on the transport dynamics in various quantum condensed matter systems and the construction of quantum information processing and communication protocols.
I. INTRODUCTION
Percolation theory, which describes the dynamics of particles in random media [1] , is an established area of research with numerous applications in diverse fields [2, 3] . The main figure of merit which quantifies the transport efficiency of a particle in percolation theory is the so-called percolation threshold [4] . To illustrate its meaning in the classical setting, one can consider transport on a square lattice with neighbouring vertices connected with probability p. For p = 0, all vertices are disconnected from each other and no path for the particle to move across the lattice exists. With increasing p more and more vertices will be connected and once p = p c = 0.5 a connection across the full lattice is established.
The corresponding problem of percolation of a quantum particle differs from the classical setting in that it contains an additional degree of freedom. In a disordered system the interference of the different phases accumulated along different routes during the evolution can lead to the particle's wave function becoming exponentially localized. This process is known as Anderson localisation [5] [6] [7] and has recently been observed in different disordered systems [8] [9] [10] . Quantum interference therefore becomes as important in quantum percolation as the existence of the connection between the vertices, making it a more intriguing setting when compared to the classical counterpart [11] [12] [13] [14] .
Transport of a two-state quantum system across a large network is an important process in quantum information processing and communication protocols [15] and by today many physical systems are tested for their scalability and engineering properties. Furthermore, in last couple of years quantum transport models have also shown a certain applicability to understanding transport processes in biological and chemical systems [16] [17] [18] . Since these natural or synthetic systems are not guaranteed to have a perfectly connected lattice structure, it is important to consider the possible role quantum percolation can play in understanding transport in these systems.
To model the dynamics of the quantum particle we choose the process of quantum walks [19] [20] [21] [22] [23] , which in recent years has been shown to be an important and highly versatile mechanism [24] . Recently, first studies of two-state quantum walks in percolating graphs have been reported for circular and linear geometries [25] as well as for square lattices using a four-state particle [26] . Here we present the physically applicable model of a directed discrete-time quantum walk (D-DQW) to study quantum percolation of a two-state particle on a cascading two-dimensional (2D) lattice. Not unexpectedly we find a non-zero percolation probability on a lattice of finite size when the fraction of missing edges is small. An increase in this fraction, however, quickly results in a zero percolation probability highlighting the importance of well-connected lattice structure for quantum percolation.
In the next Section we first establish a reference by describing the well known dynamics of D-DQW on a completely connected two-dimensional lattice. In Section III we then define the D-DQW when some of the edges of the lattice are missing and use this as a model to define quantum percolation for square lattices, honeycomb lattices and carbon nanotube structures. We conclude by summarising our results in Section IV and in Appendix A we derive the percolation Schematic of the direction of the spread of the wavepacket on the lattice. P (t) is the probability of finding the particle outside of the sub-lattice lattice of dimension n × n after time t, which corresponds to the percolation probability of the D-DQW.
probability for square lattice using the dispersion relation obtained from the differential form of the evolution.
II. DIRECTED DISCRETE-TIME QUANTUM WALK
Let us first define the dynamics of a D-DQW on a completely connected square lattice of dimension n × n. The Hilbert space of the complete system is given by H = H c ⊗H l , where the space of the particle (coin space) H c contains its internal states, | ↓ = 1 0 and | ↑ = 0 1 and the space of the square lattice H l contains the vertices (x, y) of the lattice, |x, y . For each step of the D-DQW we will consider the standard DQW evolution in the x direction [21, 22] , followed by the directed evolution in the y direction, which is based on a scheme presented by Hoyer and Meyer [27] . The evolution in x direction on a completely connected lattice consists of the coin-flip operation
followed by the shift along the connected edges
Here | ↓ and | ↑ can equivalently be used to indicate the edge along the negative or positive x direction. For the directed evolution along the positive y direction we define the walk using one directed edge and r −1 self-looping edges at each vertex (x, y) and assign a basis vector to each edge [27] . Thus, any state at each edge is a linear combination of the states
where |+ indicates the edge along the positive y direction and each | indicates a distinct self-loop. As shown in Ref. [27] , this is equivalent to an effective coin space {+, } at each vertex and the coin-flip operation can be defined as
with the shift along the edges given by
The state of the two-state walker at any vertex is therefore given by |ψ x,y = (α x,y | ↓ +β x,y | ↑ )⊗|x, y = ψ ↓ x,y +ψ ↑ x,y ≡ ψ + x,y + ψ x,y , where the latter identity indicates that the edge dependent basis states for y direction can be the same as the ones for the x direction. However, in general the operation corresponding to one complete step of the D-DQW on a completely connected lattice will then be
where the subscripts on the square brackets represent the basis on which the operators act and in Fig. 1(a) we show a schematic for the first two steps on a two-dimensional lattice. With the particle initially at the origin, |Ψ in = cos(δ/2)| ↓ + e iη sin(δ/2)| ↑ ⊗ |0, 0 , the state after t steps is given by
and in Fig. 1 (b) the direction of the spread of the wavepacket on the lattice is indicated. To find the probability of detecting the particle outside of a sub-lattice of size n × n on an infinitely large lattice after t steps one then has to calculate
where ρ(t) = |Ψ t Ψ t | and the term Tr(· · · ) describes the probability of finding the particle on the sub-lattice. For a one-dimensional DQW the probability distributions are well known to spread over the range [−t cos(θ), t cos(θ)] and to decrease exponentially outside that region [28, 29] , and for a one-dimensional D-DQW the interval of spread is given by [
. For the two-dimensional D-DQW described above we show the probability distributions in Fig. 2 for t = 100, θ = π/4, r = 2 and the same basis states along the x and y direction (| ↓ = |+ and | ↑ = | ), and one can clearly see that the spread in the x direction is over the interval [−t, t] and in the y direction across the range [0, t]. The details of the evolved probability distributions depend of the initial state of the particle (see Figs. 2(a), (b) and (c)) and for long time evolutions (t → ∞) the probability for the particle to be found outside of a finite sub-lattice will approach P (t) → 1.
In case of a missing self-looping edge, the basis state along the edge connecting y with y + 1 will be specific to the vertex, |+ = α x,y | ↓ + β x,y | ↑ . This corresponds to a 1D DQW traversing a 2D lattice, as shown in Fig. 2(d) , and complete transfer (P (t) = 1) will already be achieved for t > n. In Fig. 3 we show the probability of finding the particle outside the sub-lattice of size 200 × 200 as a function of time steps t for all the four cases of Fig. 2 . Choosing a different value of θ in the coin operation along the x direction would lead to different rates of increase in P (t).
III. PERCOLATION OF D-DQW ALONG MISSING EDGES
Let us now consider lattice structures in which some of the edges connecting the vertices are missing. For the evolution along the x direction, for which the basis states are | ↓ and | ↑ , the coin operation will be C θ [Eq. (1) ] and the shift operator has to be defined according to the number of edges at each vertex. If both edges in the x-direction are present we have
where x is (x + 1) and (x − 1), whereas the absence of even one of the edges requires
Alternatively, this shift operator can be written using a different self-looping edge for both basis states. The operator corresponding to each step along the x direction is then given by A similar description applies to the evolution in the y direction. When an edge connecting (x, y) and (x, y + 1) is present, the shift operator will be
where y is (y + 1). When this edge is missing, both states, |+ and | are basis states for different self-looping edges and the shift operator will be
Thus, the operator corresponding to evolution along the y direction can be written as
and one complete step of the D-DQW on a lattice which is not fully connected is given by
Here again the subscripts on the square brackets indicate the basis states of the edges for the evolution along each direction and the state of the particle after t steps is then given by
In a classical setting the percolation threshold for a square lattice can be calculated to be p c = 0.5 and is known to be independent of the lattice size. In a quantum system, however, a disconnected vertex breaks the ordered interference of the multiple traversing paths, which can result in the trapping of a fraction of the amplitude at this point. This disturbance of the interference due to the disorder is known to result in Anderson localization [5, 6] and consequently , r = 2 and the initial state of the particle is | ↑ , | ↓ or Fig. 2 ). Irrespective of the initial state, the increase of P (t) is the same for t ≤ n, after which the asymmetry in the probability distribution leads to differences. For θ = π 4 and r = 1, with |+ = αx,y| ↓ + βx,y| ↑ (corresponding to plot (d) in Fig. 2 ), the probability can be seen to jump to P (t) = 1 for t > n, as expected from the directed movement in the y direction. The inset shows the details of the behaviour around t = 200. a large percentage of connected vertices is required to reach a non-zero probability for the particle to cross the lattice. In the following we will define the percolation probability as
where ρ d (t, p) = |Ψ t Ψ t | and Tr(· · · ) is the probability of finding the particle in the sub-lattice of size n × n as t → ∞ for a fixed percentage of disconnected vertices p. From this description of the dynamics we can note that a state gets trapped at a vertex (x, y) only if the edge connecting (x, y) with (x, y + 1) and one or both of the edges connecting (x, y) with (x + 1, y) and (x − 1, y) are missing. From all other vertices a state eventually finds a path and moves on. Therefore, the probability of finding a particle trapped on the sublattice for t → ∞ will stem only from states trapped at vertices with two or three missing edges along x and positive y direction.
We will call the critical value at which the fraction of connected vertices p is large enough to reach ζ(p) = 0.01 the transition point, p a . It is obtained by averaging over a large number of realisations, which are simulated by evolving the initial state for a time t that is large enough to give all parts of the state a chance to find their way through the lattice and contribute to the probability. To make this numerically efficient we will in the following concentrate on the case where the basis state along y is given by |+ = α x,y | ↓ + β x,y | ↑ , as it has the narrowest probability distribution in the y direction for a perfectly connected lattice. A schematic of the walk for a fully connected square lattice is shown in Fig. 4(a) and an example for a broken lattice in Fig. 4(b) .
In Fig. 5(a) we show the average ζ(p) for square lattices of different sizes and one can immediately see that p a is significantly larger than p c = 0.5, and even grows towards unity with increasing lattice size. This is a clear indicator of the important role Anderson localisation plays in the dynamical process. The inset of Fig. 5(a) shows the dependence of p a on θ and the increase visible for larger angles can be understood by first considering a square lattice with all vertices fully connected and the initial position given by (x, y) = (0, 0). If the coin parameter is chosen as θ = 0, the two basis states move away from each other along the x-axis (no interference takes place) and exit from the sides at t = n/2. For finite values of θ, the exit point is pushed towards the positive y direction due to interference in the x direction and on an imperfect lattice the walker encounters potentially more broken connections (which lead to additional interferences). For small values of θ however, a large fraction of the state will still exit along the sides without interference and therefore only a smaller number of connections are needed. Additional insight into this process can be obtained by constructing a continuum model in which the unit displacement is approximated by a differential expression. This allows to obtain an effective differential equation of the form (see Appendix A for details),
For values of θ large enough to ensure that the exit point from the lattice is along the y direction, this model allows to derive an analytical expression for the percolation probability
which gives an output identical to the numerical results shown for lattices of different dimensions in Fig. 5 when θ > π 4 . The assumption of having the same coin operator at each lattice site is a rather strong one and in the following we will relax this condition to account for applications in more realistic situations. For this we replace θ by a vertex dependent parameter, θ x,y ∈ [0, π] that does not only account for local variations, but also allows for cos(θ x,y ) to be negative if θ x,y ∈ [π/2, π]. This corresponds to a displacement of the left moving component to the right and of the right moving component to the left in the x-direction, which in turn can lead to localization in transverse direction [31] . To illustrate the effect of this, an example for a single realisation is shown in Fig. 6 for a completely connected square lattice. A significantly reduced transversal spread compared to a walk with θ = π/4 is clearly visible. The average percolation probability as a function of p for this evolution is shown in Fig. 5(b) and, interestingly, we find that the disorder in the form of θ x,y does not result in any noticeable change in the value of p a when compared to θ = π/4. This is due to that fact that θ x,y and θ = π/4 give rise to nearly the same degree of interference [31] and it highlights the dominance of the localization effects along the transverse direction. It is also consistent with Eq. (19) being independent of θ.
In addition to considering quantum percolation on the fundamental square lattices, transport processes on honeycomb lattices and nanotubes have attracted considerable attention in recent years [32] and the two-state quantum percolation model can be expected to give useful insight into the behaviour of quantum currents and their transition points. In Fig. 4(c) we show the path taken by the two-state D-DQW on a honeycomb lattice of dimension 9 × 9 and in Fig. 4(d) we give an example for the situation where some connections are missing. For the later case each step of the D-DQW consists of
where the quantum coin operators, W θ = C θ ⊗ I x ⊗ I y and W y = C y ⊗ I x ⊗ I y , and the shift operator for the directed evolution in the y-direction, S y (x, y), are same ones as used for the evolution on the square lattice. Due to the honeycomb geometry however, the shift operator S (q) transition W q from q to q ± 1 corresponds to a shift along two edges, first in the ±x direction and then along the positive y direction. The resulting average percolation probability is shown in Fig. 7 (a) as a function of the percentage of connected vertices with randomly assigned value of θ x,y ∈ [0, π]. Similarly to the case of the square lattice we find that p a is significantly larger than the classical percolation threshold p c = 0.652 [33] and also lattice size dependent. Note that, compared to a square lattice of the same size, p a for a honeycomb lattice is smaller, which gives the honeycomb structure a edge over the square lattice for quantum percolation using a two-state D-DQW. This can be understood by considering the geometry of the honeycomb lattice: the edges in the honeycomb lattice are such that the both operators S (q) and S y (x, y) contribute to the shift in y direction, whereas in the square lattice only S y (x, y) contributes to this shift.
FIG. 6:
Spread of the probability distribution in the x-direction for the D-DQW for θx,y (red) and θ = π/4 (blue). The size of the completely connected lattice is 100 × 100. The red data shows a single representation using a position dependent coin, θx,y ∈ [0, π], and a much smaller spread in the x direction is clearly visible. An interesting extension to the honeycomb lattice is the introduction of periodic boundary conditions in the xdirection, which transforms the flat lattice into a nanotube geometry. This corresponds to allowing transitions from q to (q ± 1 mod n), where n is the number of vertices along the x-axis and in Fig. 7(b) we show the percolation probability for such a structure as a function of the percentage of connected vertices with randomly assigned values of θ x,y ∈ [0, π] at each vertex. One can see that the transition point is same as that of a flat honeycomb structure with same number of edges in the transverse direction, which can be understood by realising that the periodic boundary conditions increase the probability for a particle to encounter the disconnected vertices more than once. A nanotube with a small number of vertices in the radial direction therefore corresponds to an effectively larger flat system with the same defect density and from the earlier studies we know that larger lattices have higher p a . Due to the absence of an exit point along the radial axis, the only direction the particle can exit is the positive y-direction, which explains the independence of p a from the number of radial vertices.
To summarise our main results, we show a comparison of p a for the different geometries discussed above in Table I .
IV. CONCLUSION
In conclusion, we have investigated quantum percolation using a directed two-state DQW as a model for quantum transport processes. We have shown that the transition point p a , beyond which quantum transport can be seen is much larger than the classical percolation threshold, p c , due to localisation effects stemming from the dynamics relating to missing edges in the lattice. In addition, for finite lattice sizes and unlike the classical case, we have found that p a is size dependent and tends towards unity for large lattices. This suggests that already a small number of disconnected vertices in a large system can obstruct quantum transport significantly.
Comparing different lattice geometries we have shown that p a is smaller for honeycomb structures and nanotube
FIG. 7:
Increase in percolation probability and transition point for a honeycomb lattice and a nanotube geometry. Percolation probability as a function of percentage of connected vertices for (a) honeycomb lattices and (b) nanotube structures of different sizes. For the particle transport process the value of θ has been randomly picked from [0, π] at each vertex. With increase in lattice size, pa shifts towards unity and for nanotubes of size n × y it can be seen to be independent of n.
geometries than for a square lattice of the same size. This variation suggests that one can explore the dynamics on different lattice structures to find the one most suitable for a required purpose. For example, a system with a high p a can be well suited for quantum storage applications, whereas one with a low value will allow for more efficient transport.
Using two-state D-DQWs to model quantum percolation can be seen as a realistic approach to studying transport processes in various directed physical systems such as photon dynamics in waveguides with disconnected paths or quantum currents on nanotubes. We have demonstrated its generality by allowing the parameter θ to vary randomly at each vertex and shown that this does not lead to any significant change in p a . Given the current experimental interest and advances in implementing quantum walks in various physical systems [35] , we believe that our discrete model is a strong candidate for upcoming experimental studies and its continuous form, which is detailed in the Appendix, will also be of interest for further theoretical analysis with different evolution schemes.
Appendix A: Derivation of Quantum Percolation Probability
Here we will derive the continuous limit of the percolation probability of a two-state particle on a square lattice using the dynamics described in the Section III, where | ↓ and | ↑ are the basis state for evolution in x direction and |+ = α x,y |0 + β x,y |1 is the basis state for evolution in the y direction. To do so we need to consider all possible 8 configurations the walking particle can encounter on a broken lattice, which are schematically shown in Fig. 8 . The first row depicts the four possible vertex configurations that result in transport along the y-direction, i.e. from (x ± 1, y − 1) and (x, y − 1) to (x, y) and the second row shows the four configurations that result in transport of the state from (x ± 1, y − 1) to (x, y − 1) and the configuration that is trapped at position (x, y − 1). These latter four ones are equivalent to the configurations that result in transport of state from (x ± 1, y) to (x, y) and the configuration that is trapped at position (x, y).
In the following, by approximating the unit displacement to a differential operator form, we will derive the differential operator form for all possible configurations. By summing up the differential operator form for each configuration weighted by their respective probabilities we obtain an effective differential equation, which we use to obtain the dispersion relation and percolation probability. 
These equations can be easily decoupled
and subtracting 2 [1 + cos(θ)] ψ ↓(↑)
x,y from both sides of Eq. (A3), allows to obtain a difference form, which can be written as a second order differential wave equation
Note that this is in the form of the Klein-Gordon equation [34] . −1) , the states arriving from (x, y − 2) and (x − 1, y − 1) will both proceed fully to (x, y), which gives
After decoupling we get
and subtracting [2 + cos(θ)]ψ
x+1,y on both sides lets us obtain the difference form
The right hand side can be further simplified to give
and the probability for this configuration is p 2 (1 − p).
Figure 8(c):
For configuration with a missing edge from the vertex (x, y − 1) to (x − 1, y − 1), the states arriving from (x, y − 2) and (x + 1, y − 1) will both proceed fully to (x, y), which gives
x−1,y from both sides we obtain the difference form
The right hand side can be further simplified to obtain
Figure 8(d):
For a configuration with missing edges from the vertex (x + 1, y − 1) to (x, y − 1) and from the vertex (x − 1, y − 1) to (x, y − 1), the state at vertex (x, y) will be,
which, after decoupling, gives
Subtracting 2ψ
x,y from both sides, the difference form can be obtained as
and the probability for this possibility is p(1 − p) 2 .
The common feature of the next four configurations, Figs. 8(e)-(h), is the missing edge from the vertex (x, y − 1) to the vertex (x, y), which will result in the absence of any transport along y direction. to (x, y) the state will be
which is equivalent to
and subtracting [cos(θ)
x,y from both sides we find the difference form
The probability for this possibility is p(1 − p) 2 .
Figure 8(f ):
For a configuration with missing edges from the vertex (x − 1, y − 1) to (x, y) and from vertex (x, y − 1) to (x, y) the state will be
x,y from both sides the difference form can be found as
Figure 8(g):
For the configuration where only the edge from vertex (x, y − 1) to (x, y) is missing, the state will be
and subtracting 2 cos(θ)ψ ↑(↓)
x,y from both sides we obtain the difference form
The probability for this possibility is p 2 (1 − p). This situation does not lead to localisation, since the states will move back to (x, ±1, y − 1) at the next time step and can then continue to evolve in the positive y direction.
Figure 8(h):
For the configuration with the three missing edges from (x + 1, y − 1) and (x − 1, y − 1) to (x, y − 1) and from (x, y − 1) to (x, y) all transport is suppressed and the state can be written as,
These expressions can be decoupled and written as
and the probability for this possibility is (1 − p) 3 .
Effective differential expression: Adding the differential expression for all eight case above weighted by their respective probabilities, we get
which can be simplified as
One can now seek a Fourier-mode wave like solution of the form where ω x is the frequency and k x the wavenumber, which is bounded by [0, √ 2] for this differential form of the DQW [31] . This reduces the problem to finding the solution to an algebraic equation
which can be done by separating the real and imaginary terms to give
The derivative of ω x (k x ) with respect to k x describes the fraction of the amplitude ψ ↑(↓)
x,y transported in ±x direction for each shift in the y direction and in Fig. 9(a) one can see that it increases with larger values of k x and p (for θ = π 4 ) and reaches a maximum for k x = √ 2 and p = 1. Since the transition probability will be the square of this amplitude, the percolation probability ζ x (p) along the x axis for a square lattice of n × n dimensions in the continuum limit is given by 
For the case of maximal transport (k = √ 2) we show this percolation probability for n = 50 and for different values of θ in Fig. 9(b) . One can note that already for small values of θ (see curve for θ = π/12) the percolation probability along the x direction is very small, despite the fraction of the amplitude transported at each displacement being maximal. This is consistent with our earlier observation for the discrete evolution and leads to the conclusion that the percolation for the D-DQW is mainly due to the transition along y−axis.
To obtain the percolation probability along y-direction we go back to Fig. 8 and write down the iterative form for transport of the state from y − 1 to y for each instance of time t. Defining Θ y,t = ∀x ψ ↑(↓)
x,y,t , all the four cases in the first row lead to Θ y,t = Θ y−1,t−1 =⇒ Θ y,t+1 = Θ y−1,t =⇒ ∂Θ y,t ∂t = ∂Θ y,t ∂y ,
and all four cases shown in second row give Θ y,t = Θ y,t−1 =⇒ ∂Θ y,t ∂t = 0.
The differential equations for all eight configuration properly weighted with their respective probabilities is then given by 
which leads to
The percolation probability ζ y (p) along the y-axis for a square lattice of n × n dimension in continuum limit as a function of p can then be found as
and we show this quantity in Fig. 9 (c) as a function of lattice size n and p for θ = π/4. Since in general its value is much larger than the percolation probability in the x direction we can finally write
which is independent of θ. In Fig. 9 (d) we shown ζ(p) as a function of p for different lattice sizes and obtain values for the transition point identical to the ones obtained numerically for the discrete evolution presented in Section III.
